Abstract. Structures composed of tension and compression elements in equilibrium are denoted tensegrity structures. Stability of tensegrity structures is achieved through introducing initial member forces (pre-stress
Introduction
Structures composed of tension elements (strings, tendons or cables) and compression elements (bars or struts) are often denoted tensegrity structures [1] . Distribution of member forces at the self-equilibrium state, i.e., pre-stresses introduced into the members, greatly contributes to the stiffness and stability of tensegrity structures. The process of determining member forces for the structure with a given shape is called initial force or initial pre-stress design. The pre-stresses should be assigned considering the stress unilateral property of the members; i.e., cables and struts must be under tension and compression, respectively. To the author's knowledge, no research have been carried out for determination of the pre-stress distribution to (i) stabilize the structure, (ii) satisfy some some structural properties and (iii) consider unilateral properties of the cables and struts.
On the research of pre-stress finding Quirant [2] expands the Pellegrino method [3] to tensegrity structures by considering the unilateral behavior of the cable elements. Tran and Lee [4] present a method for finding a single self-stress mode taking into account the unilateral member properties and the stability of the structure. Xu and Luo [5] use a simulated annealing algorithm to solve an optimization model for the pre-stress design. Connelly [6] introduces a stability criterion called super stability, and Ohsaki and Zhang [7] study stability conditions of pre-stressed pin jointed structures and find that a pre-stressed structure can be unstable if the pre-stress is moderately large.
A genetic algorithm (GA) is a non-gradient optimization method frequently employed to address various problems of tensegrity structures. It is interesting to mention that, the main contribution of GA for tensegrities was for form-finding, [9] [10] [11] [12] [13] [14] . El-Lishani et al. [8] employed GA to find the stability characteristics of simultaneously statically and kinematically indeterminate structures.
Problem formulations
An infinite number of independent admissible self-stress combinations could be found for a tensegrity structure with more than one state of self-stress, by superposing linear combinations of the base states. The following assumptions are considered in this study:
• The form-finding procedure is performed and the nodal coordinates and their connectivity is known.
• No external load is applied on the structure and the self-weight is not considered during the pre-stress design.
Basic concepts of pre-stress
Pellegrino [3] uses the Singular Value Decomposition (SVD) of the equilibrium matrix H to obtain the mechanism modes for a three-dimensional pin-jointed framework with j joints, b bars and c kinematic constraints:
where H is the 3j − c × b equilibrium matrix, U is a 3j − c × 3j − c orthogonal matrix, W is a b × b orthogonal matrix, and Σ is a 3j − c × b matrix with non-negative elements on the leading diagonal and all other elements zero. Once the rank of equilibrium matrix r H has been found the number of states of self-stress and mechanism are
Base for the mechanisms and states of self-stress are given by
If s =1, there is only one vector g 1 which naturally satisfies the unilateral properties and Hg 1 = 0. Otherwise, s > 1, a linear admissible combination of s independent states of self-stress mode should be computed as the null space of the equilibrium matrix H cannot be employed directly (the equilibrium matrix does not have anything to do with properties of members). A feasible state of self-stress can be represented as:
where p f is a b × 1 feasible states of self-stress. This paper is all about computing a vector c = (c 1 , c 2 , ..., c s ) T which contains the coefficients of s independent self-stress states. The vector G, b × s, is the s independent self-stress states. The coefficients should be selected in a way so that unilateral properties of the members, stability and frequency criteria of the structure fulfilled.
Optimization formulation
• Objective function: The objective to increase the first natural frequency of the structure is formulated as:
where f 1 is the first natural frequency of the structure in a pre-stress state.
• Constraints: The unilateral property and stability of the structure are the only constraints. The cable and bar elements should have positive and negative coefficients respectively, in the vector of self-stress. If the tangent stiffness matrix with these member forces introduced is positive definite, i.e, its six rigid body motion restrained, then the structure is initially stable.
• Variables: The coefficient vector c.
3. Pre-stress design 3.1. Procedure Figure 1 shows the flowchart of the proposed method for initial pre-stress design. The procedure of finding an optimum pre-stress pattern is:
• The form-finding process is performed and the topology and nodal coordinated are determined.
• The Equilibrium matrix is computed by a method from Pellegrino [3] . The SVD analysis of equilibrium matrix gives the basis of the pre-stress.
• A random number of individuals is produced. The individuals are the coefficients of s independent self-stress state vectors c.
• The self-stress vector p is computed and then, the unilateral properties and the stability of the structure are evaluated. Individuals which do not satisfy these conditions give singular tangent stiffness matrix, and they should not go to the FEM program. A very large fitness value far from the optimum one is assigned to these individuals. So they have very low chance of contribution to the next generations.
• The finite element analysis determines the first natural frequency and GA operators could lead the individuals to the optimum one. Table 1 shows the initial setup of the Matlab GA toolbox. 
Pre-stress calculation
The unique feature of this method is considering pre-stress level for finding the optimum self-stress pattern. The pre-stress related to each self-stress level is calculated as:
where α is an admissible self-stress vector p f of length 1. It is assumed that the total summation of all member forces is constant for all pre-stress patterns. A correction coefficient R is employed to keep the total element forces constant for all cases. The total element forces of self-stress vector α is compared with the symmetric case (elements in the similar position have the same force), and P is the pre-stress levels determined by the designer.
Tangent stiffness matrix formulation
For the non-linear equilibrium analysis in this study, the bar element stiffness formulation by Guest [9] was used. The tangent stiffness matrix K relates the displacement increment δd at each node in all degrees of freedom to increments in the applied load δe as:
The tangent stiffness matrix K is dependent on topology, geometry, axial stiffness of the elements and element forces in the following form:
where H is the equilibrium matrix and G is a diagonal matrix of modified axial stiffnesses, with an entry for each member i
where g i = dt/dl is the axial stiffness and ε i is the strain for the member. The axial force in a member is t. The matrix S is the stress matrix for the structure, which is written as the Kronecker product of a small or reduced stress matrix and a 3-by-3 identity matrix I,
and the coefficients of the small stress matrix are given by
if there is no connection between i and j (12) in this formulation,t j,i is the tension coefficient (t/l) in the member that runs between nodes i and j. The internal quasi-static equilibrium of a loaded structure is seen as
when the residual forces f are the difference between internal forces f i = f i (d) and the external forces p. The internal forces are dependent on the structural displacement d, but also on geometry, sectional properties and chosen pre-stress forces in the members. The non-linear equilibrium equation for a particular load case is solved by Newton iterations, utilizing the tangent stiffness relation, [10] .
Linear dynamic analysis
To understand the vibration behavior of the tensegrity structures, the investigation of the fundamental mode of vibration is sought. Modal analysis then is performed with respect of changing different parameters. A linearized dynamic model of the structure is written as:
where M, K, C, p and are the mass, damping, tangent stiffness matrices, and the external force vector, respectively. Alsoü,u, and u are acceleration, velocity and displacement vectors, respectively. The modal analysis is conducted by ignoring the damping term and the vector of external force. Assuming a small harmonic motion of the form u =ū sin(ωt), with ω as the frequency of system andū as the amplitude vector:
The generalized eigenvalue analysis for the matrices M and K gives the natural modes of the vibration. The mass matrix for each element M e is computed as:
where I 3 is a unit matrix and m the mass of the element.
Genetic algorithm for minimization
The main parameters employed for the implementation of the genetic algorithm are presented in Table 1 . The parameters are selected after a number of experiments, but there is no claim about their optimality. A sensitivity analysis should be performed to determine a set of optimal genetic algorithm parameters, including population size, crossover and mutation rates, etc. In general, the parameter set used in the experiments produces good-quality solutions in reasonable time. 
Numerical examples
The example considered here is a double layer tensegrity grid, Fig. 2 . The structure consists of 12 (4 × 3) quadruplex modules, Fig. 3 . The quadruplex module has four struts and the self-stressed equilibrium is easily found from the rotation angle between the co-planar bases composed of cable polygons [11] . State of self-stress related to each single module is represented as: α Base cables = (1, 1, 1, 1) (17a)
The self-stress vector of the whole structure for a symmetric case is obtained by assembling the self-stress vector of each quadruplex module, and doubling the element shared between two modules. After determining the self-stress vector of the structure, each member of self-stress vector is divided by the norm of self-stress vector. The total summation of all member forces, R, is 2.79 N. There exist 34 states of self-stress from an SVD analysis of the equilibrium matrix and no mechanisms when nodes 1, 21, 30 and 50 are fully restrained. Tran and Lee [4] show that the force density matrix of this structure is positive semi-definite indicating that the structure is super stable regardless of the materials and the pre-stress levels.
The selected Young's modulus, density, and cross-section area of bar elements are E = 100 GPa, ρ = 1540 kg/m 3 , and A = 2 · 10 −3 m 2 , respectively. The initial values for the cable elements are E = 130 GPa, ρ = 1840 kg/m 3 , and A = 7.854 · 10 −5 m 2 , respectively. It is assumed that the elements do not confront buckling and yielding for the designed pre-stress levels. Table 2 shows the optimum pre-stress patterns and their related first natural frequencies for different pre-stress levels. Each number in a coefficient column is the ratio of selfstress vector. For example, the self-stress vector of the structure of optimum pattern with P = 100 N is computed as Table 2 shows that the optimum pre-stress pattern is different for different pre-stress levels. This is naturally due to the non-linear relation of pre-stress level and the frequencies, Fig. 4 . Table 2 ). Figure 5 shows the convergence of GA. Best fitness and mean fitness are the smallest fitness value for any individual in the population and their average. Figure 5 shows an optimum close to the final optimum is obtained after 80 generations. An important question here is: does the initial material selection change the optimum pattern or not? To study this, various material are selected for struts , [12] , and the influence of symmetric and optimum patterns are compared. Table 3 shows the first natural frequencies of the symmetric pattern and the optimum one for P = 100 kN. The result shows that the first natural frequency of the optimum pattern is always higher than that the symmetric one, and is independent of material properties.
Figures 6 and 7 show the first two mode shapes related to the two different pre-stress levels when node 1, 21, 30 and 50 are fully constrainted. It is clear that the level of prestress changes the mode shape. For example, the first and second modes for high and low pre-stress levels, respectively, are related to bending. Although the structure does not have any mechanism, the pre-stress level has an important influence on the mode shapes, [13, 14] . The final evaluation is related to study the influence of different pattern on the mode shapes of the structure. Several analyses show that the mode shape is not sensitive to the pre-stress pattern. Figure 7 . First two free vibration modes P = 100 kN.
Conclusions
An efficient method is presented for finding the optimum self-stress state in a tensegrity structure. Although a number of methods are presented, there is no research which connects the self-stress design to the level of pre-stress and the stiffness properties of the structure, e.g., the first natural frequency. The important aspect of this work is that all three steps connected to pre-stress are performed at the same stage. The method is applicable for design of the structure when natural frequencies are the major design criteria. In addition to that, a connection between GA as an optimization tool and FEM as a method for structural analysis is another a aspect of the current work.
